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Fresnel’s equations describe reflection and transmission of electromagnetic waves at an interface
between two media. It turns out that these equations can be used in quasistatics and even statics,
for example to straightforwardly calculate magnetic forces between a permanent magnet and a bulk
medium. This leads to a generalization of the classical image method.
I. INTRODUCTION
Can electrostatic or magnetostatic phenomena be de-
scribed by Fresnel’s equations for reflection and transmis-
sion at an interface? For example, if a permanent mag-
net is located in the vicinity of a semi-infinite medium
with permeability µ, can we calculate the attraction us-
ing Fresnel’s equations? The answer is not obvious, as
the eigenmodes for frequency ω > 0 are transverse elec-
tromagnetic waves, while for ω = 0 the eigenmodes are
longitudinal. Moreover, a crucial step in the textbook
derivation [1, 2] of the Fresnel equations is to relate the
electric and magnetic fields. Derivations limited to prop-
agating, plane waves use the constant ratio between the
electric and magnetic field amplitudes, equal to the wave
impedance. Clearly these derivations do not apply in
statics, where the electric and magnetic fields are de-
coupled. Alternatively, one may use possibly complex
wavevectors, and express the magnetic field H from the
electric field E using Faraday’s law,
ωµH = k×E, (1)
for a plane wave with wavevector k. Here, we have the
complications that in statics, ω = 0, and also, the electric
field is longitudinal, k×E = 0.
Despite these challenges, we will prove that the Fresnel
equations apply even in statics (Sec. III). For the special
case with a point charge in the vicinity of a conductor
plane or dielectric half-space, the Fresnel equations lead
to the classical image method from electrostatics. Sim-
ilarly, the Fresnel equations give the image method for
calculating the fields when a magnetic source is located
in the vicinity of a magnetic medium.
In quasistatics the Fresnel equations turn out to be use-
ful to calculate the interaction between a time-varying
magnetic source and a conducting medium (Sec. IV).
Also here, the Fresnel equations lead to an image method,
but with the reflection coefficient as a spatial low-pass fil-
ter, acting on the field from the image. This gives valu-
able information about the strength of the interaction as
a function of spatial frequency or characteristic size of
the source.
We also consider the cases where a static electric or
magnetic field source is located in the vicinity of a mov-
ing medium. Also here we obtain relatively simple image
∗ johannes.skaar@its.uio.no
methods for calculating the electromagnetic field, even
for relativistic velocities. Dependent on the orientation
of the source, certain interesting effects arise. For ex-
ample, when describing electric reflection from magnetic
sources (or vice versa), the image is Hilbert transformed.
With the filtered image model, we can also confirm the
recently reported nonreciprocity associated with moving
media [3].
The structure of the paper is as follows. In Sec. II the
Fresnel equations of electrodynamics, and their conven-
tional proof, are reviewed. In the last part of the section,
another proof is given, which will turn out to be valid in
statics as well. In Sec. III we consider a Fourier decom-
position of the static fields, and prove that the Fresnel
equations lead to the image methods from electrostat-
ics and magnetostatics. In Sec. IV we use the Fresnel
equations in quasistatics, to describe interaction between
e.g. a time-varying magnetic source and a conducting
medium. Finally, we consider a moving medium in Sec.
V.
II. FRESNEL’S EQUATIONS IN
ELECTRODYNAMICS
Before going to statics, we review the Fresnel equations
in electrodynamics [1]. We consider a setup as depicted
in Fig. 1. For z < 0 we have a medium with permittivity
1 and permeability µ1, while for z > 0 we have 2 and
µ2. The media can be dispersive, but are assumed to
be linear, isotropic, homogeneous, time-shift invariant,
and passive1. Moreover, the media are assumed to be
spatially nondispersive, in the sense that the permittiv-
ity and permeability are local and describe all induced
charges and currents. A source produces an electromag-
netic field which can be expanded into monochromatic,
plane waves. These waves will have their electric field
perpendicular (TE) or parallel (TM) to the plane of in-
cidence. Considering an incident TE wave, the electric
field can be written
E =
{
yˆ
(
Eie
ikxx+ik1zz + Ere
ikxx−ik1zz) , z < 0,
yˆEte
ikxx+ik2zz, z ≥ 0. (2)
1 For gain media, there is a complication to identify the correct
sign of the longitudinal wavevector based on causality [4–7].
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FIG. 1. The Fresnel setup. A source is located at least d to the
left of the boundary. The source produces a field which can
be decomposed into plane waves. One of them has incident
wavevector k1.
Here Ei, Er, and Et are the incident, reflected, and trans-
mitted electric field amplitudes, respectively. We have
oriented the coordinate system such that the electric field
points in the yˆ-direction. The wavevectors can then be
expressed as k1 = (kx, 0, k1z) (incident), (kx, 0,−k1z) (re-
flected), and k2 = (kx, 0, k2z) (transmitted), with the
dispersion relations
k2x + k
2
1z = 1µ1ω
2, (3a)
k2x + k
2
2z = 2µ2ω
2. (3b)
The Fresnel equations can be expressed in several dif-
ferent forms. We will use a form which remains valid
for lossy media and/or evanescent modes. The stan-
dard way to derive the equations is as follows. From
(2) and continuity of the tangential electric field, we ob-
tain Ei +Er = Et. Assuming ω 6= 0 and applying (1), we
can find the associated magnetic fields for the incident,
reflected and transmitted waves. Continuity of the tan-
gential magnetic field gives (Ei − Er) k1z/µ1 = Etk2z/µ2.
Combining the two continuity equations we find
rTEE ≡
Er
Ei
=
µ2k1z − µ1k2z
µ2k1z + µ1k2z
, (4a)
tTEE ≡
Et
Ei
=
2µ2k1z
µ2k1z + µ1k2z
. (4b)
These two coefficients express the reflected and trans-
mitted electric field amplitudes relative to the incident
electric field.
To express the corresponding ratio between magnetic
field amplitudes (but still TE polarization), we consider
the xˆ- and zˆ-components separately. Using Faraday’s
law (1), the incident magnetic field (Hix, 0, Hiz) can be
expressed
Hix = − k1z
ωµ1
Ei, (5a)
Hiz =
kx
ωµ1
Ei. (5b)
Similarly, we can express the reflected and transmitted
magnetic fields from the electric fields. For example, this
gives us a transmission coefficient for the xˆ-component
of the magnetic field
tTEHx =
−k2z/ωµ2
−k1z/ωµ1 ·
Et
Ei
=
k2zµ1
k1zµ2
tTEE . (6)
We end up with two sets of Fresnel equations:
rTEHx = −
µ2k1z − µ1k2z
µ2k1z + µ1k2z
, (7a)
rTEHz =
µ2k1z − µ1k2z
µ2k1z + µ1k2z
, (7b)
tTEHx =
2µ1k2z
µ2k1z + µ1k2z
, (7c)
tTEHz =
2µ1k1z
µ2k1z + µ1k2z
. (7d)
As evident from the symmetry of the two Maxwell
curl equations, the analogous expressions for TM (mag-
netic field perpendicular to the plane of incidence) can
be found by interchanging  and µ:
rTMH =
2k1z − 1k2z
2k1z + 1k2z
, (8a)
tTMH =
22k1z
2k1z + 1k2z
, (8b)
and
rTMEx = −
2k1z − 1k2z
2k1z + 1k2z
, (9a)
rTMEz =
2k1z − 1k2z
2k1z + 1k2z
, (9b)
tTMEx =
21k2z
2k1z + 1k2z
, (9c)
tTMEz =
21k1z
2k1z + 1k2z
. (9d)
When deriving the Fresnel equations (4), we used the
transverse electromagnetic modes of the system, mean-
ing that ω was assumed to be nonzero. We also made the
explicit assumption ω 6= 0 when applying (1). An alter-
native way of proving the Fresnel equations, which turns
out to survive the static limit, is the following: From
Gauss’ law, we have
k ·E = 0 (10)
in the homogeneous media to the left or right of the
boundary, away from the source. Eq. (10) is valid for
3the incident, reflected, and transmitted wave, separately.
Note that the Fourier decomposition of the source field
at the plane z = −d leads to real kx and ky (while kz as
resulting from the dispersion relation may be complex).
Orienting coordinates such that k is perpendicular to yˆ,
kxEx + kzEz = 0. (11)
Consider the TM case, where E is in the plane of inci-
dence,
E = Exxˆ+ Ez zˆ. (12)
Requiring the tangential electric field to be continuous,
we get
Eix + r
TM
ExEix = t
TM
ExEix, (13)
where the reflection and transmission coefficients so far
are unknown. Rather than expressing continuity of the
magnetic field, we require the normal displacement field
to be continuous:
1Eiz + 1r
TM
EzEiz = 2t
TM
EzEiz. (14)
From (11), the connection between the Fresnel coeffi-
cients for the z and x components are
rTMEz =
Erz
Eiz
=
kx
k1z
Erx
− kxk1zEix
= −rTMEx , (15a)
tTMEz =
Etz
Eiz
=
− kxk2zEtx
− kxk1zEix
=
k1z
k2z
tTMEx . (15b)
Here subscripts “r” and “t” stand for reflected and trans-
mitted, respectively. Canceling out the incident fields
from (13) and (14), and using (15), we obtain (9).
III. FRESNEL’S EQUATIONS IN STATICS
We now assume static conditions, i.e., ω = 0. First we
consider an electrostatic source, which is a static charge
distribution located at least d to the left of the boundary,
see Fig. 1. A central point to enable the use of Fresnel’s
equations, is a plane wave expansion of the field. As
detailed in the Appendix, a plane wave expansion is pos-
sible in statics as well; however the field is longitudinal.
The electrostatic field for −d < z < 0 can be written as
a superposition of fields of the type (see the Appendix):
E(kx, ky) = (kx, ky, kz)Ue
ikxx+ikyy+ikzz
+ (kx, ky,−kz)V eikxx+ikyy−ikzz, (16)
where kx and ky are real, and
kz = i
√
k2x + k
2
y. (17)
For z > 0, the field can be written as a superposition of
E(kx, ky) = (kx, ky, kz)W e
ikxx+ikyy+ikzz. (18)
Here the amplitudes U , V , and W are arbitrary functions
of kx and ky. Morover, kx and ky are the Fourier vari-
ables corresponding to x and y, respectively (i.e., they
are the transversal “spatial frequencies” of the source).
The quantity kz describes the z-dependence of each
Fourier component, and is given by (17) as resulting from
Maxwell’s equations. Eq. (17) can be seen as the disper-
sion relation in the static limit.
To apply the proof of Fresnel’s equations from the pre-
vious section, we identify the first and second term in
(16) as the “incident wave” Ei and “reflected wave” Er,
respectively, and (18) as the “transmitted wave”Et. We
note that k ·Ei = 0, (kx, ky,−kz) ·Er = 0, and k ·Et = 0,
since (17) implies k2 = 0. Furthermore, the “TM” condi-
tion (12) is satisfied, if coordinates are rotated such that
k = kxxˆ + kz zˆ. Apparently, in statics the label “TM”
refers to electric sources, while, as we shall see later, “TE”
refers to magnetic sources.
We conclude that (9) applies to the case with an elec-
trostatic source. Since (17) is valid in both media, the
equations can be simplified to
rE ≡ V
U
=
Erx
Eix
=
Ery
Eiy
= −Erz
Eiz
=
1 − 2
1 + 2
, (19a)
tE ≡ W
U
=
Etx
Eix
=
Ety
Eiy
=
Etz
Eiz
=
21
1 + 2
. (19b)
Note that in statics, there is only a single polarization, as
the field is longitudinal. Thus it makes sense to write (19)
for both x and y directions, not requiring the coordinate
system to be rotated such that ky = 0.
Remarkably, the reflection and transmission coeffi-
cients are independent2 of kx and ky. Therefore, when
considering an actual finite-size source, the coefficients
can be moved outside the two-dimensional inverse Fourier
transform with respect to kx and ky. Thus the field
for z > 0 would be obtained if we replaced medium 2
by medium 1 (such that medium 1 is everywhere), and
replaced the original charge distribution by the exact
same charge distribution multiplied by the factor tE (Fig.
2b). The field for z < 0 would be obtained by replac-
ing medium 2 by medium 1, keeping the original charge
distribution and inserting an image charge distribution.
This new charge distribution must be given by the origi-
nal charge distribution, mirrored about the plane z = 0,
and multiplied by the factor rE (Fig. 2a).
Note that the image charge interpretation above is a
generalization of the classical result for a point charge
above a dielectric half-space, see e.g. Jackson [8], Chapt.
4.4. In addition it coincides with the image charge
method for a point charge above a conducting plane; then
we find rE = −1 meaning that the image charge must be
exact opposite to the original charge when looking at the
2 For kx = ky = 0 the proof does not apply. However, this 1D
special case is trivial in electrostatics; the electric displacement
field (in the zˆ-direction) ends up uniform.
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(a) Observation point z < 0:
(b) Observation point z > 0:
FIG. 2. (a) The field for z < 0 would be obtained if medium 2
is replaced by medium 1, the original source is retained, and
there is an image source which is the original source mirrored
about the plane z = 0 and multiplied by r. (b) The field for
z > 0 would be obtained if medium 2 is replaced by medium
1, and the original source is multiplied by a factor t. In the
electrostatic case r = rE and t = tE . In the magnetostatic
case r = ±rH and t = tH . The upper sign is used if the source
is characterized by a magnetization density, while the lower
sign is used when the source is described by a current density.
field in the area z < 0, while we have tE = 0 which means
that the field vanishes for z > 0.
An identical analysis can be used if the source is a
current distribution or permanent magnet producing a
magnetic field. Then, away from the source we have
∇ ×H = 0. Moreover, ∇ ·B = 0 everywhere. For the
electrostatic situation treated above, we had ∇× E = 0
and ∇ ·D = 0 away from the source. Thus the analogy
E → H and D → B makes it possible to express the
magnetic field as a superposition of fields of the form
H(kx, ky) = (kx, ky, kz)Se
ikxx+ikyy+ikzz
+ (kx, ky,−kz)T eikxx+ikyy−ikzz, (20)
for z < 0, and
H(kx, ky) = (kx, ky, kz)Ge
ikxx+ikyy+ikzz (21)
for z > 0. Furthermore, we can use the Fresnel equations
in the same way as above, now using the“TE”coefficients
rH ≡ T
S
=
Hrx
Hix
=
Hry
Hiy
= −Hrz
Hiz
=
µ1 − µ2
µ1 + µ2
, (22a)
tH ≡ G
S
=
Htx
Hix
=
Hty
Hiy
=
Htz
Hiz
=
2µ1
µ1 + µ2
. (22b)
Again the reflection and transmission coefficients are
independent of kx and ky. Eqs. (22) therefore lead to
the following image source interpretation: The magnetic
field for z < 0 is given by the magnetic field from the
original source in addition to that from an imaged source,
after having replaced medium 2 by medium 1. The im-
age source must provide an imaged field distribution, re-
flected about the plane z = 0, and multiplied by rH ,
according to (22a). Thus, if the source is a permanent
magnet with magnetization M, the magnetization of the
image source is found by reflecting the source’s magne-
tization about z = 0 and multiplying by rH . However,
if the source is a current distribution, the current must
be multiplied by −rH after reflection. This sign shift can
be viewed as a consequence of the current being a polar
vector, while H and M are axial. The image source in-
terpretation is a generalization of the well known result
from magnetostatics [8].
As an example, consider a bar magnet with magne-
tization in the zˆ-direction, located a distance d from a
magnetic medium with µ2 =∞. Assuming µ1 = µ0 (per-
meability in vacuum), we have rH = −1. An imaged bar
magnet would have magnetization in the −zˆ-direction,
but after multiplication with rH the magnetization points
in the zˆ-direction. We therefore get a magnetic attrac-
tion equal to the attraction between two identical bar
magnets at 2d distance.
IV. FRESNEL’S EQUATIONS IN
QUASISTATICS
In quasistatics, provided
kx  ω
√
|1µ1|, (23a)
kx  ω
√
|2µ2|, (23b)
we have k1z ≈ k2z ≈ ikx. Therefore, the electrostatic
result (with a charge distribution as source) and mag-
netostatic result (with a current distribution/permanent
magnet as source) will also be relevant to the quasistatic
situation. An electrostatic source influences a dielec-
tric/conductor medium, while a magnetostatic source in-
fluences a magnetic medium. However, in quasistatics
the two other combinations are relevant as well; a time-
dependent current distribution/magnet as a source and
dielectric/conductor media, or a time-dependent charge
distribution and magnetic media. We consider the former
combination here.
By moving or changing the magnetic source, although
slowly, there will be induced eddy currents in the
5ǫ2, µ0
z
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FIG. 3. The source is a 2D “permanent” magnet with time-
dependent magnetization in the zˆ-direction. In practice, the
time dependency can be realized by moving the magnet in
the xˆ or zˆ-direction, or by inducing magnetization in a fer-
romagnetic material using currents in the yˆ-direction. The
magnet is infinite and uniform along the y-axis. Medium 1 is
vacuum, with 1 and µ1 equal to the free space values 0 and
µ0, respectively. Medium 2 is a nonmagnetic conductor with
complex permittivity 2.
medium. We now analyze this magnetic response with
Fresnel’s equations. Let medium 1 be vacuum (1 = 0),
and medium 2 be a nonmagnetic medium with conduc-
tivity σ described in the form of a complex, relative per-
mittivity 2/0 = 1 + iσ/0ω ≈ iσ/0ω. The skin depth
is
δ =
√
2/ωµ0σ. (24)
We consider a source which is uniform (and infinite)
in the y-direction, with bound or free currents in the
±yˆ-direction. For example, the source may be a time-
varying “permanent” magnet with magnetization in the
zˆ-direction (see Fig. 3). Then the magnetic field is in-
dependent of y, and has only xˆ and zˆ components. This
leads to an electric field pointing in the yˆ-direction (TE).
The quantities we need in Fresnel’s equations are
k1z =
√
ω2/c2 − k2x, (25a)
k2z =
√
iωµ0σ − k2x =
√
i2/δ2 − k2x. (25b)
Since the medium is passive, the sign of the square root
is taken such that Im k2z > 0. The magnetic field for
z < 0 becomes
H(x, z) = xˆ
∫
Hix(kx)
[
eik1zz + rHe
−ik1zz] eikxxdkx
+ zˆ
∫
Hiz(kx)
[
eik1zz − rHe−ik1zz
]
eikxxdkx,
(26)
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FIG. 4. The reflection coefficient (27) as a function of char-
acteristic size Λx = 2pi/kx of the source for three different
frequencies. The vertical lines indicate ten times the value of
the skin depth, 10δ. The medium is Cu.
for some input spectra3 Hix(kx) and Hiz(kx), and reflec-
tion coefficient
rH ≡ rTEHx =
k2z − k1z
k2z + k1z
. (27)
In other words, we can still use an image source to cre-
ate the field for z < 0; however its field is filtered in
the wavenumber domain using rH = rH(kx). This filter
response is plotted in Fig. 4 for Cu (σ ≈ 6 · 107 S/m)
for three different frequencies. We observe that the fine
details (small Λx) are filtered away, such that the image
gets smoother than the source. As seen from the figure,
the cutoff size is around 10δ.
For Λx  δ  λ (where λ is the free-space wave-
length), we obtain
rH = −i 1
2k2xδ
2
. (28)
Using the permeability of Cu, we find that for Λx = 1 cm
the magnetic response due to eddy currents is larger than
the magnetic response due to the permeability, as long
as f > 0.01 Hz. Thus, the permeability of Cu ceases to
describe the magnetic response in this setup already at
the frequency 0.01 Hz.
Eq. (26) expresses the magnetic field due to the source
(first term in the brackets) and due to the resulting, in-
duced currents in the medium (second term in the brack-
ets). Thus (26)-(27) describe the interaction between the
source and the medium. The reflection coefficient (27)
quantifies the strength of the interaction (Fig. 4).
3 Although not important here, these spectra are related by
kxHix + k1zHiz = 0.
6Similarly to (26), the magnetic field for z > 0 can be
expressed
H(x, z) = xˆ
∫
Hix(kx)tHe
ik2zz+ikxxdkx
+ zˆ
∫
Hiz(kx)tH
k1z
k2z
eik2zz+ikxxdkx, (29)
for the transmission coefficient
tH ≡ tTEHx =
2k2z
k2z + k1z
. (30)
V. MOVING MEDIUM
We finally consider the case where medium 2 moves
with velocity v in the x-direction, as seen from the lab
system. The coordinates of this lab system are shown in
Fig. 1. We assume that medium 1 is vacuum (1 = 0
and µ1 = µ0), and medium 2 is characterized by 2 = r0
and µ2 = µrµ0, where r and µr are the relative permit-
tivity and permeability, respectively. The source may
be electrostatic (fixed charges) or magnetostatic (time-
independent currents or permanent magnet), and is fixed
in the lab system. We are interested in the reflection
coefficients and coupling between electric and magnetic
fields due to the moving medium 2. For the case with a
magnetic source and a moving conducting medium, this
response occurs as a result of eddy currents being induced
in the conducting medium. We then obtain a connection
to the analysis in Sec. IV. In certain cases we will find
that the response can be significant even for low (nonrel-
ativistic) velocities.
We consider each spatial Fourier component of the
source separately (with a certain kx and ky), and write
the static electric and magnetic fields for −d < z < 0
(see (A6)):
E = (kx, ky, kz)Ue
ikxx+ikyy+ikzz
+ (kx, ky,−kz)V eikxx+ikyy−ikzz, (31a)
H = (kx, ky, kz)Se
ikxx+ikyy+ikzz
+ (kx, ky,−kz)T eikxx+ikyy−ikzz, (31b)
where kz = i
√
k2x + k
2
y. For an electrostatic source we
are given U and S = 0, and want to find rE = V/U
(reflection coefficient) and cEH = T/U (coupling). For a
magnetostatic source we are given S and U = 0, and will
find rH = T/S (reflection coefficient) and cHE = V/S
(coupling). The strategy will be to transform (31) to
the rest system of medium 2 using the usual relativistic
transformation formulas [9]
E′x = Ex, (32a)
E′y = γEy − γvBz, (32b)
E′z = γEz + γvBy, (32c)
B′x = Bx, (32d)
B′y = γBy +
γv
c2
Ez, (32e)
B′z = γBz −
γv
c2
Ey, (32f)
where γ = 1/
√
1− v2/c2. We then use the electromag-
netic boundary conditions to match the fields (32) with
those in medium 2.
In general we have that (ω/c,k) is a four-vector, such
that [9]
ω′
c
= γ
(ω
c
− v
c
kx
)
, (33a)
k′x = γ
(
kx − v
c
ω
c
)
. (33b)
This follows from the fact that phase is scalar:
eik · r−iωt = eik′ · r′−iω′t′ . (34)
Here t′ and r′ = (x′, y, z) are the time and space coor-
dinates in the rest system of medium 2, and ω′ is the
frequency in this system. Furthermore, k = (kx, ky, kz)
and k′ = (k′x, ky, kz) are the wavevectors in the lab sys-
tem and the rest system of medium 2, respectively. In
our case we have static conditions (ω = 0) in the lab
system, which means that
ω′ = −γvkx, (35a)
k′x = γkx, (35b)
eikxx = eik
′
xx
′−iω′t′ . (35c)
For simplicity, we will now consider two special cases
with a two-dimensional source (which is homogeneous
along the third direction).
A. Case kx = 0 and ky 6= 0
Consider first the case where the source is homoge-
neous in the x-direction. In this case the source pro-
duces only components with kx = 0. Then ω
′ = ω = 0
and k′ = k = (0, ky, kz). The fields are therefore static
and longitudinal, even in the rest system of medium 2.
For z > 0 we can write
E′ = (0, ky, kz)F eikyy+ikzz, (36a)
H′ = (0, ky, kz)Geikyy+ikzz, (36b)
where kz = i|ky|, and F and G are arbitrary functions
of ky. Matching fields (32) and (36) according to the
7Maxwell boundary conditions, we obtain the reflection
and coupling coefficient
rE ≡ V
U
= γ2
(
1− r
1 + r
+
v2
c2
1− µr
1 + µr
)
, (37a)
cEH ≡ T
U
= i sgn(ky)γ
2 v
c
1
η
(
1− r
1 + r
+
1− µr
1 + µr
)
, (37b)
for the electrostatic source (U 6= 0, S = 0). For the
magnetostatic source (U = 0, S 6= 0),
rH ≡ T
S
= γ2
(
v2
c2
1− r
1 + r
+
1− µr
1 + µr
)
, (38a)
cHE ≡ V
S
= −i sgn(ky)γ2 v
c
η
(
1− r
1 + r
+
1− µr
1 + µr
)
. (38b)
We have defined η =
√
µ0/0 as the vacuum wave
impedance. In (37)-(38) the relative permittivity and
permeability must be evaluated at zero frequency.
The reflections (37a) and (38a) can be interpreted
as being produced by electrostatic and magnetic image
sources, respectively. This interpretation corresponds ex-
actly to that in Sec. III except that the reflection coef-
ficients rE and rH now are given by (37a) and (38a).
The differences compared to the situation with v = 0
are of order v2/c2 and therefore negligible unless v is a
relativistic velocity.
However, for an electrostatic source, we also get a “re-
flected” magnetic field, and for a magnetostatic source,
we also get a “reflected” electric field. For the case with
a magnetostatic source, the resulting electric field needs
not be negligible in the non-relativistic case. Assuming
the parenthesis in (38b) is ∼ 1, the electric field becomes
vη/c times the source magnetic field. This corresponds
to an electric field strength E ∼ vB, where B is the flux
density from the source. For a neodymium magnet with
B ∼ 1 T and a velocity v = 1 m/s, we get E ∼ 1 V/m.
The coupled fields (37b) and (38b) can also be de-
scribed by image sources. Obviously, the needed image
of an electric source will be magnetic, and vice versa. In
addition the image will be distorted due to the −i sgn(ky)
function. This filtering operation amounts to convolving
by 1/piy, which results in a Hilbert transform of the im-
age with respect to y.
B. Case kx 6= 0 and ky = 0
Consider next the case where the source is homoge-
neous in the y-direction, i.e., ky = 0. For a nonzero kx,
we observe from (35) that ω′ 6= 0, despite the source be-
ing static in the lab system. Thus the electromagnetic
field for z > 0 in the rest system of medium 2 will be
transverse, and can be expressed conventionally as a su-
perposition of TE and TM modes:
E′ =
[
(0, 1, 0)F + (k′z, 0,−k′x)
G
r0ω′
]
eik
′ · r′−iω′t′ ,
(39a)
H′ =
[
(0, 1, 0)G+ (−k′z, 0, k′x)
F
µrµ0ω′
]
eik
′ · r′−iω′t′ .
(39b)
Here F and G are arbitrary functions of kx. From the
dispersion relation we have
k′z =
√
rµrω′2/c2 − k′2x = γi|kx|
√
1− rµrv2/c2, (40)
where we have used (35). The sign of the square root
is taken such that Im k′z > 0. Note that for dispersive
media, we must evaluate the relative permittivity and
permeability at the frequency ω′ = −γvkx. When this
frequency is negative, the symmetry relations r(−ω′) =
∗r (ω
′) and µr(−ω′) = µ∗r (ω′) are used [1].
By matching the tangential electric and magnetic fields
of (32) and (39) at the boundary z = 0, and using (35),
we obtain the reflection coefficients
rE ≡ V
U
=
γ
√
1− rµrv2/c2 − r
γ
√
1− rµrv2/c2 + r
, (41a)
rH ≡ T
S
=
γ
√
1− rµrv2/c2 − µr
γ
√
1− rµrv2/c2 + µr
, (41b)
where the relative permittivity r and permeability µr
must be evaluated at the frequency ω′ = −γvkx. The
coupling coefficients between electric and magnetic fields
in the lab system vanish in this case.
For a nondispersive medium 2, the reflection coeffi-
cients (41) are independent of kx. Thus the field for
z < 0 can be seen as a superposition of that from the
source and from an image multiplied by the reflection
coefficient, exactly as in Sec. III.
Of course, the most interesting regime is the nonrela-
tivistic limit v/c  1. Then the reflection coefficients
reduce to the v = 0 results in Sec. III, unless the
permittivity and/or permeability are extremely large for
ω′ = −γvkx. However, this is exactly what happens for
a conductor, for which r(ω
′) ≈ iσ/0ω′ and µr = 1. In
this case, (41b) can be written
rH =
√
1 + iµ0σv/kx − 1√
1 + iµ0σv/kx + 1
. (42)
Thus we obtain a considerable reflection when the dimen-
sionless, magnetic Reynold’s number µ0σv/kx & 1. For
Cu and v = 1 m/s, this corresponds to spatial variations
of the source which is 2pi/kx & 0.1 m.
Intuitively, the reflection coefficient (42) arises because
there is a time-dependent magnetic field in the conduct-
ing medium, as seen from the rest frame of the medium.
Through Faraday’s law, eddy currents are induced, pro-
ducing a “reflected field”. Along these lines, (42) can
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FIG. 5. The reflection coefficient rH = rH(kx) (42) as a
function of characteristic size of the source Λx = 2pi/kx (up-
per plot), and the inverse Fourier transform of rH(kx) (lower
plot).
be found by considering the source as time-dependent
(or quasistatic), as a result of a velocity −v in the xˆ-
direction. Then we can use the result in Sec. IV to-
gether with ω = −vkx to deduce (42) in the nonrela-
tivistic limit. Despite giving the correct answer, such
a method is somewhat incomplete unless the relativis-
tic transformation formulas (32) are taken properly into
account.
In the special case when the source is large and varies
slowly with x, such that µ0σv/kx  1 for the involved
spatial frequencies, we obtain rH = 1. Then the image
method from Sec. III applies straightforwardly. In gen-
eral, however, we must filter the image of the source with
rH = rH(kx). This filter function is plotted with respect
to characteristic size Λx = 2pi/kx in Fig. 5. Also the
inverse Fourier transformed filter function (point source
image) is plotted with respect to x. We observe the in-
teresting result that the point source image is one-sided
(i.e., vanishes for x > 0). This results from the fact that
(42) can be analytically continued to the entire upper
half-plane of complex kx, since the branch point is in the
lower half-plane. By closing the integration path with
a large semi-circle in the upper half-plane, the inverse
Fourier transform can therefore be proved to vanish for
positive x. We finally note that since the image is not
an even function, the system does not obey Lorentz reci-
procity [3].
VI. CONCLUSION
By formulating the proof of Fresnel’s equations with
only electric fields, or with only magnetic fields, it turns
out that the relations are valid in statics. Since static
fields are longitudinal, “TM” applies to the case with an
electrostatic source, while “TE” applies to the case with a
magnetostatic source. The results are independent of the
spatial frequency of the source, which gives a connection
to the classical image charge or image current methods.
In quasistatics the Fresnel equations may give results
dependent on spatial frequency; in this case the image
method must be combined with a filter. For the case
where a static source is located in the vicinity of a mov-
ing medium, we also obtain image methods to describe
the reflection and coupling between electric and magnetic
fields. Dependent on the orientation of the source relative
to the velocity of the medium, certain interesting effects
arise, including Hilbert transform of image, and Lorentz
nonreciprocity.
Appendix A: Plane wave expansion of static fields
We consider a general 3D charge distribution as the
source, located at least a distance d from the interface.
In electrostatics the magnetic field is zero or constant,
and we express E = −∇φ, where ∇2φ = 0 away from
the source and the interface. For each z, φ viewed as
a function of x and y can be expressed as a 2D Fourier
integral:
φ(x, y, z) =
∫∫
Φ(kx, ky, z)e
ikxx+ikyydkxdky, (A1)
where Φ(kx, ky, z) is some function. Using ∇2φ = 0 we
obtain (
−k2x − k2y +
d2
dz2
)
Φ(kx, ky, z) = 0, (A2)
with general solution
Φ(kx, ky, z) = iU(kx, ky)e
ikzz + iV (kx, ky)e
−ikzz. (A3)
Here U and V are arbitrary functions of kx and ky. We
have factored out an i for later convenience, and defined
kz = i
√
k2x + k
2
y. (A4)
Backsubstitution into (A1) we have
φ = i
∫∫ [
U(kx, ky)e
ikzz + V (kx, ky)e
−ikzz]
· eikxx+ikyydkxdky. (A5)
The associated electric field E = −∇φ becomes
E =
∫∫
(kx, ky, kz)U(kx, ky)e
ikxx+ikyy+ikzzdkxdky
+
∫∫
(kx, ky,−kz)V (kx, ky)eikxx+ikyy−ikzzdkxdky.
(A6)
9The result (A6) is in particular valid in the region −d <
z < 0. For the unbounded region z > 0 we can repeat the
argument, introducing new integration constants, but the
second term in (A3) must be put to zero as it diverges
with z. The result is
φ = i
∫∫
W (kx, ky)e
ikxx+ikyy+ikzzdkxdky (A7)
and
E =
∫∫
(kx, ky, kz)W (kx, ky)e
ikxx+ikyy+ikzzdkxdky
(A8)
for some function W (kx, ky). Apparently there are no
transverse fields in electrostatics.
If the source is a static current distribution or perma-
nent magnet, we have ∇ ×H = 0 and ∇ ·B = 0 away
from the source. Thus we can express H = −∇ψ, where
∇2ψ = 0, completely analogous to the electrostatic situ-
ation.
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